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1. INTRODUCTION
A quartic del Pezzo surface S is an intersection of two quadrics in P4.
There are 16 lines on S. The configuration of lines has high symmetry. For
each line there are just five lines that intersect it and they are mutually
w x w xskew. We refer to H, Chap. V, Sect. 4 and M, Chap. IV for elementary
properties of a del Pezzo surface. The configurations of the five intersect-
 .ing points on lines are projectively equivalent to each other Theorem 2.1 .
 .  .4By virtue of this fact, we can find a normal subgroup J S ( Zr2Z of
the automorphism group Aut S and determine the quotient group
 .  .Aut SrJ S Theorem 3.1 and Propositions 5.8 and 5.11 . An ordered set
of the five lines which intersect a line on S is called a marking of S. We
shall construct a fine moduli of marked quartic del Pezzo surfaces and its
 .compactification Theorems 4.3 and 4.5 . We also determine the automor-
phism group of each surface that appears in the boundary of the moduli of
 .quartic del Pezzo surfaces Propositions 5.10 and 5.12 and Theorem 5.16 .
Concerning the automorphism groups, here we summarize the results.
We use the following notation.
 . 2 <  . . . 4D s x : x : x g P x x x x y x x y x x y x / 0 .1 2 3 1 2 3 1 2 2 3 3 1
 .  .  .  . 2P s 1:0:0 , P s 0:1:0 , P s 0:0:1 , P s 1:1:1 g P .1 2 3 4
374
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C: X ª P2; blowing up of P2 at P , P , P , and P .1 2 3 4
F : S ª X ; blowing up of X at P.P P
y1 .Since C gives an isomorphism between C D and D, we identify
these two open sets. Using the above notation, the results are stated as:
 .THEOREM 1.1. 1 The group Aut S of automorphisms of S is expressedP P
as
Aut S ( J i G .P P P
 .2 There exists a closed subset Y of X, disjoint finite subsets Z , Z , Z1 2 3
of Y, and disjoint finite subsets W , W , W of X R D such that the structure1 2 3
of G and J ¨ary as follows:P P
P J GP P
4 .  4P g D R Y Zr2Z id
4 .P g D l Y R Z Zr2Z Zr2Z
4 .P g Z Zr2Z Zr3Z i Zr2Z1
4 .P g Z Zr2Z Zr5Z i Zr2Z2
4 .P g Z Zr2Z Zr4Z3
2 .  .P g X R D j W Zr2Z Zr2Z
2 2 .  .P g W Zr2Z Zr2Z1
2 .P g W Zr2Z Zr3Z = Zr2Z2
 4P g W id Zr4Z i Zr2Z3
where we put Z s Z j Z j Z and W s W j W j W .1 2 3 1 2 3
 .Since, for a point P g X R D, S has one or two y2 curves, S is aP P
resolution of a singular quartic surface. We will use alternate notation for
S after Section 4. We will denote by S the singular quartic surface andP P
ÄS in Theorem 1.1 will be denoted by S .P P
We will describe the generators and actions of J and G later inP P
Sections 2 and 5. The closed set Y of X is a union of 15 rational curves
 . 2 A curves . The closed set X R D is a union of 10 rational curves A1 1
.curves . As for Z s and W s, we will have aZ s 20, aZ s 12, aZ s 30,i i 1 2 3
aW s 30, aW s 20, and aW s 15. We will describe more details later1 2 3
in Section 5.
2. CONFIGURATION OF LINES AND MARKINGS
We shall fix an algebraically closed field of characteristic equal to 0 or
greater than 5 as a ground field. A nonsingular projective surface S is a
 .quartic del Pezzo surface QDPS for short if the anticanonical divisor yKS
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is ample and K 2 s 4. A surface S is a QDPS if and only if S is obtainedS
from the projective plane P2 by blowing up five points in a general
 .position i.e., no three points collinear . It is also well known that if S is a
< <QDPS, yK is very ample and the complete linear system y K definesS S
an embedding S ¨ P4 that maps S isomorphically onto an intersection of
 .two quadrics cf. Proposition 4.1 .
Our special interest is the configuration of 16 lines of S in P4. Denote
by G the set of all lines on S in P4 and denote by Aut G the automor-S S
phism group of the configuration of G i.e., the group of permutations ofS
.  .4G preserving the relation of intersection . Aut G ( Zr2Z i S , whereS S 5
 .S is the symmetric group of degree 5 cf. Lemma 2.2 . For a line L g G ,5 S
put
<G L s E g G L ? E s 1 . 4 .S S
 .  .The number aG L s 5 for every line L and each pair of lines in G L isS S
 .  .skew. We call an order M s E , . . . , E on G L a marking of S1 5 S
< <belonging to L. The complete linear system y K y L defines a morphismS
S ª P2 that contracts lines E , . . . , E . Denote by F the morphism1 5 M
F : S ª P2M
< < 2defined by y K y L and an appropriate coordinate system of P suchS
 .  .  .  .  .  .  .that F E s 1:0:0 , F E s 0:1:0 , F E s 0:0:1 , and F EM 1 M 2 M 3 M 4
 .s 1:1:1 . Put
P M s F E . .  .M 5
 .  .Since the points F E , . . . , F E are in a general position, the pointM 1 M 5
 .  . <  . .P M drops in the open set D s x : x : x x x x x y x x y x x1 2 3 1 2 3 1 2 2 3 3
. 4 2y x / 0 ; P . We are now on the starting position.1
 .THEOREM 2.1. Let S be a QDPS and M s E , . . . , E be a marking of1 5
S belonging to a line L g G . For e¨ery line LX g G , there exists a uniqueS S
X  X X . Xmarking M s E , . . . , E belonging to L that satisfies the following condi-1 5
tion.
 . X X  .1 L q E ; L q E or yK y L q E for i s 1, . . . , 5,1 i S i
moreo¨er,
 . <2 there exists a unique automorphism s g Aut S such that s :L
X  . XL ( L and s E s E for i s 1, . . . , 5.i i
Proof. Let F : S ª P2 be the morphism contracting E , . . . , E asM 1 5
 .  .above. Let L be the line passing through F E and F E and let Ci j M i M j
 .  .  .be the nonsingular conic passing through F E , . . . , F E and F E .M 1 M 4 M 5
y1w x y1w x Put F s F L . Then L s F C and G s L, E , . . . , E , F , . . . ,i j M i j M S 1 5 12
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4 X X  .F . For every line L g G , the marking M satisfying the condition 1 is45 S
listed in Table I.
Pay attention to the markings M and M belonging to F and F ,23 45 23 45
 .respectively. Let f be an isomorphism L ( L defined by f Q s the23 45
 .intersection of L and the line passing through F E and Q. The45 M 1
isomorphism f induces an isomorphism c : F ( F such that c F l23 45 23
23.. 45. 23. 45.E s F l E , where E and E are the ith entries of thei 45 i i i
markings M and M , respectively. Note that every isomorphism between23 45
two irreducible conics in P2 is induced by Aut P2. Via the morphisms FM23
and F , the isomorphism c extends to an automorphism s g Aut SM 145
 23.. 45.such that s E s E . Since an automorphism of S preserves the1 i i
 .  .relationship of intersection of lines, one sees that s L s E , s E s L1 1 1 1
 .  .and s E s F , s F s E for i s 2, . . . , 5. Therefore s is a desired1 i 1 i 1 1 i i 1
 X X.  .automorphism of S for the pair L , M s E , M . The uniqueness is1 1
clear. By the same procedure, one can construct the automorphism si
 .  X X.  .satisfying the condition 2 for the pair L , M s E , M , and also thei i
 .  X X .automorphism s s satisfies the condition 2 for the pair L , M si j
 .F , M .i j i j
 .Denote by J S the group generated by the automorphisms s , . . . , s1 5
in the proof of Theorem 2.1. Since the relations s 2 s id , s s s s s ,i S i j j i
 .  .4and s s s s s s id are satisfied, J S ( Zr2Z . Since every auto-1 2 3 4 5 S
 .morphism preserves the linear equivalence, J S is a normal subgroup of
 .Aut S. Our main objective is the quotient group Aut SrJ S .
TABLE I
X XL M
 .L M s E , E , E , E , E1 2 3 4 5
 .E M s L, F , F , F , F1 1 12 13 14 15
 .E M s F , L, F , F , F2 2 12 23 24 25
 .E M s F , F , L, F , F3 3 13 23 34 35
 .E M s F , F , F , L, F4 4 14 24 34 45
 .E M s F , F , F , F , L5 5 15 25 35 45
 .F M s E , E , F , F , F12 12 2 1 45 35 34
 .F M s E , F , E , F , F13 13 3 45 1 25 24
 .F M s E , F , F , E , F14 14 4 35 25 1 23
 .F M s E , F , F , F , E15 15 5 34 24 23 1
 .F M s F , E , E , F , F23 23 45 3 2 15 14
 .F M s F , E , F , E , F24 24 35 4 15 2 13
 .F M s F , E , F , F , E25 25 34 5 14 13 2
 .F M s F , F , E , E , F34 34 25 15 4 3 12
 .F M s F , F , E , F , E35 35 24 14 5 12 3
 .F M s F , F , F , E , E45 45 23 13 12 5 4
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 .From now on, we shall fix a pair L, M as in Theorem 2.1 in this
section. Put
<S L s f g Aut G f L s L . 4 .  .S
 .  .  .Since J S acts on G transitively, Aut G s J S ? S L . It is clear thatS S
 .  .S L ( S the group of permutations of the set M s E , . . . , E of five5 1 5
 .letters. As a subgroup of Aut G , J S is also a normal subgroup. In factS
 . y1 y1LEMMA 2.2. For an f g S L , f s f s s .i f  i.
 .  .  .  .Proof. Since s L s E , s E s L, s E s F , s F s E , andi i i i i j i j i i j j
 .  .s F s F all indices are distinct , the proof is straightforward.i jk lm
Therefore
4Aut G ( J S i S L ( Zr2Z i S . .  .  .S 5
For an f g Aut G , putS
f M s f E , . . . , f E . .  .  . .1 5
LEMMA 2.3. For an f g Aut G , f is induced by an automorphism of S ifS
  ..  .and only if P f M s P M .
Proof. Obvious.
Put
<G s f g S L P f M s P M . 4 .  .  . .M
 .PROPOSITION 2.4. Aut S ( J S i G .M
Proof. By Lemma 2.3.
3. RATIONAL ACTION ON THE PROJECTIVE PLANE
 .We say a pair S, M , where S is a QDPS and M is a marking of S
belonging to a line, is a marked quartic del Pezzo surface MQDPS for
.  .  X X.short . Two MQDPSs S, M and S , M are said to be equi¨ alent if there
X  . Xis an isomorphism f : S ( S such that f M s M . As for Lemma 2.3,
 .  X X.  .  X.S, M and S , M are equivalent if and only if P M s P M . Put
2 <D s x : x : x g P x x x x y x x y x x y x / 0 . .  .  .  . 41 2 3 1 2 3 1 2 2 3 3 1
 .  .  .  .Put P s 1:0:0 , P s 0:1:0 , P s 0:0:1 , and P s 1:1:1 . For P s P1 2 3 4 5
g D, let
F : S ª P2P P
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be the blowing up at P , . . . , P and put1 5
E s Fy1 P .i P i
and
M s E , . . . , E . .P 1 5
 .  .Then S , M is a MQDPS and P M s P. Since, for every MQDPSP P P
 .  .S, M , P M drops into the open set D, the modulus of equivalent
classes of MQDPSs is D. We now introduce a natural action of the
symmetric group S of degree 5 on D. Let P s P g D and f g S .5 5 5
Denote by P the linear automorphism of P2 defined by f , P .
P P y1 s P . f , P . f  i. i
for i s 1, . . . , 4. Define the action of S on D by5
f P s P P y1 . .  . f , p. f 5.
 .THEOREM 3.1. 1 For P, Q g D, S is isomorphic to S as ¨arieties ifP Q
 .and only if there exists an f g S such that f P s Q.5
 .  .  <  .2 For P g D, Aut S ( J S i G , where G s f g S f P sP P P P 5
4P .
 .  .Proof. 1 If f P s Q for an f g S , the automorphism P ex-5  f , P .
tends to an isomorphism from S to S . Conversely assume that there isP Q
 .an isomorphism g : S ( S . Since J S acts on G transitively, there isP Q Q SQ
 .   ..a s g J S such that s g M is a permutation of M . Therefore oneQ P Q
 .  .finds an f g S such that f P s Q. 2 follows from Proposition 2.4.5
4. COMPACTIFICATION OF A FINE MODULUS OF MQDPSs
Let
C : X ª P2
be the blowing up of P2 at P , . . . , P , where P , . . . , P are the specific1 4 1 4
points on P2 as above. Put
E s Cy1 P .i i
and
y1F s C L ,i j i j
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where L is the line passing through the points P and P . Then X is ai j i j
  .2 .quintic del Pezzo surface i.e., yK is very ample and yK s 5 andX X
 .  .X R D E j D F s D. Puti i j
2 <U s x : x : x g P x y x x y x x / 0 . .  .  . 41 2 3 1 2 2 3 3
 .We can also regard U as an open subset of X and U s Xr D E j Fi 12
.j F j F . For a point P g X, let C be a rational map defined by the14 34 P
< <linear system y K y P with the base point P and let S be the closedX P
image of C :P
C : X ??? ª S ; P4 .P P
If P g D then S is a QDPS and coincides with S as defined in theP P
previous section. If P f D then S has one or two singular pointsP
 .Proposition 4.4 .
The action of the symmetric group S on D extends to a biregular5
 . w xaction on X See Section 5 . It is well know that Aut X ( S K . Since our5
action of S on D is effective, the action of S on X above gives an5 5
isomorphism S ( Aut X. In this section, we will construct a fine modulus5
of MQDPSs over D and naturally extend it over U. To compactify the
family over D, we glue the extended family over U by the action of S on5
 .X Theorem 4.5 .
 .For a point P s P s a:b:1 g U, define linear forms5
f s x y x ,1 1 2
f s b y 1 x q 1 y a x q a y b x , .  .  .2 1 2 3
f s x y bx ,3 2 3
f s x ,4 3
and
f s x .5 1
 .For an index i 1 F i F 5 , put
j ' i q 2, k ' i q 3 mod 5 1 F j, k F 5 . .  .
Put
c s f f f .i i j k
 .  .Since f s L , c , . . . , c defines a birational mappingi jk 1 5
C (Cy1 : P2 ??? ª S ; P4 .P P
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Put
t s c ci j k
and
q s f f f f f ,1 2 3 4 5
then t s f q. Sincei i
f s b y 1 f q 1 y a f y f q a y b f .  .  .  .2 5 5 1 4
and
f s f y f y bf ,3 5 1 4
we have the relations
1 y a t q t q b y a t q a y b t s 0, .  .  .1 2 4 5
t q t q bt y t s 0.1 3 4 5
Thus we have
 .PROPOSITION 4.1. For a point P s x : x : x g U, the image S of X by1 2 3 P
C is defined by the following two quadratic forms:P
r s yx q x y y q x y x y y q yx q x y y q x y y , .  .  .1 2 1 2 1 2 2 3 1 3 3 4 3 4 5
s s x y y y x y y q x y y q x y y .2 1 2 3 2 3 3 3 4 3 1 5
For an open subset V of U, put
4 <S s P , y g V = P r s s s 0 . 4 .V
 .PROPOSITION 4.2. Let P s x : x : x g U. For each line E s1 2 3 i, P
 y1 .. 4C C P on S in P , where P s P, a system of defining equations ofP i P 5
E is gi¨ en byi, P
E : y s y y y s x y x y q x y s 0, .1, P 1 2 4 3 2 3 3 5
E : y s x y x y q x y s x y x y q x y s 0, .  .2, P 2 1 3 1 3 4 3 1 3 3 5
E : y s x y x y q x y s x y q x y s 0, .3, P 3 1 2 1 2 4 2 2 3 5
E : y s y y y s x y x y q x y s 0, .4, P 4 1 3 2 3 2 3 5
E : y s x y y x y s x y x y q x y s 0. .5, P 5 1 1 3 3 2 1 2 1 4
Proof. Straightforward.
For an open subset V of U, define E as for S .i, V V
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  ..THEOREM 4.3. The family S , E , . . . , E is a fine modulus ofD 1, D 5, D
MQDPSs.
  ..Proof. In fact, for each point P g D, S , E , . . . , E is a MQDPS.P 1, P 5, P
PROPOSITION 4.4. For e¨ery point P g U R D, S is singular. In factP
 .  .  .  .  .41 If P s 0:b:c with bc b y c / 0 then Sing S s 1:0:0:1:0 .P
E , E , and E intersect at the singular point.2, P 3, P 5, P
 .  .  .  .  .42 If P s a:0:c with ac a y c / 0 then Sing S s 0:1:0:1:0 .P
E , E , and E intersect at the singular point.1, P 3, P 5, P
 .  .  .  .  .43 If P s a:b:a with ab a y b / 0 then Sing S s 1:0:1:0:0 .P
E , E , and E intersect at the singular point.2, P 4, P 5, P
 .  .  .  .  .44 If P s 1:0:1 then Sing S s 0:1:0:1:0 , 1:0:1:0:0 . E lP 1, P
 .4  .4E l E s 0:1:0:1:0 and E l E l E s 1:0:1:0:0 .3, P 5, P 2, P 4, P 5, P
Proof. Straightforward.
THEOREM 4.5. There is a P4-bundle p : P ª X with Aut X action andX X
y1 .there is an Aut X-stable sub¨ariety S ; P such that S l p P ( SX X X X P
for any point P g X.
Proof. For any g g Aut X ( S , one can construct a family of quartic5
 . 4  . <surfaces S ; g U = P over g U as for S . S andU l g U .g U . U g U .
<  .S are identified over U l g U in a unique way. The identificationU l g U .U
 . 4 <is given by a unique linear automorphism g U = P ( U =U l g U .
4 <  .   .4P over U l g U . Since g U covers X, we obtain PU l g U . g g Aut X X
and S as desired.X
 .We say a QDPS S is general if Aut S s J S . Put
<U s P g D S is general . 4G P
By Theorem 3.1, U is an open subset of D, and S acts on U freely. PutG 5 G
M s U rAut X .G
4  .COROLLARY 4.6. There is a P -bundle p : P ª M in etale topologyÁM M
 .and there is a sub¨ariety S ; P such that M, S is a uni¨ ersal family ofM M M
general QDPSs.
 < .  < .Proof. Put P s P rAug X and S s S rAut X.U UM X M XG G
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5. AUTOMORPHISM GROUPS OF QDPSs
Let X be the quintic del Pezzo surface obtained by blowing up P2 at
P , P , P , and P . In this section, we shall determine the automorphism1 2 3 4
group of S for every P g X. For the purpose, we should extend the actionP
of S on D to the one of S on X. The quintic del Pezzo surface X is5 5
realized as a hypersurface in P1 = P2. Put
<X s j :h , x : x : x j x y x x q h x y x x s 0 4 .  .  .  . .1 2 3 1 2 3 3 1 2
; P1 = P2 .
Let C: X ª P2 be the projection. Then C is the blowing up of P2 at P ,1
y1 . 1  4  .4P , P , and P . One sees that E s C P s P = P and F s 1:02 3 4 i i i 12
 .4  .4= L , F s 0:1 = L , and F s 1:1 = L and so on. Since S is12 13 13 14 14 5
 .  .  .  .generated by the reflections 12 , 23 , 34 , and 45 , it is only necessary to
consider the actions of such reflections.
 .LEMMA 5.1. For a point P s x : x : x g D,1 2 3
12 P s x : x : x , .  .  .2 1 3
23 P s x : x : x , .  .  .1 3 2
34 P s x y x : x y x : x .  .  .3 1 3 2 3
and
45 P s x x : x x : x x . .  .  .2 3 3 1 1 2
Proof. Straightforward by the definition.
 .Except for 45 the above actions are defined on X R D E .i
 . .LEMMA 5.2. For a point P s j :h , P g E ,i i
 .  .  .  . .1 if s s 12 then s P s h y j :h , P ,s  i.
 .  .  .  . .2 if s s 23 then s P s h:j , P , ands  i.
 .  .  .  . .3 if s s 34 then s P s h y j :h , P .s  i.
Proof. By Lemma 5.1.
 .  .The action of 45 in Lemma 5.1 is defined on X R D E j F j Fi 12 23
.j F .13
 .  .LEMMA 5.3. The action of 45 on D E j F j F j F isi 12 23 13
45 j :h , P s 1:1 , 0:h :j g F , .  .  .  . . .1 23
45 j :h , P s 0:1 , h :0:h y j g F , .  .  .  . . .2 13
45 j :h , P s 1:0 , j :j y h :0 g F .  .  .  . . .3 12
and
45 j :h , P s j :h , P , .  .  . .  .4 4
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Proof. By Lemma 5.1.
For an element s g S , put5
<X s P g X s P s P . 4 .s
LEMMA 5.4.
X s F j 1:y 1:0 , 1:2 , P , 1:2 , P , 4 .  .  . .  .12. 34 3 4
’ ’ ’X s 2:y 1 " y 3 :y 1 . y 3 , 2:1 " y 3 , P , .  . 4 .123. 4
’ ’X s 1:1 " y 1 :" y 1 , 1:0:1 , . 4 .1234.
’ ’X s 2:y 1 " 5 :3 . 5 , 4 .12345.
<X s x : x : x x q x s x j 1:1:0 , 4 4 .  .12.34. 1 2 3 1 2 3
’X s 2:2:1 " y 3 . 4 .12.345.
 .  . .Proof. By Lemma 5.1, for P s x : x x g X R D E , 12 P s1 2 3 i
 .  . .  .x : x : x . If 12 P s P then x s x or P s 1:y 1:0 . By Lemma 5.2,2 1 3 1 2
 . .  . .  . .  .for P s j :h , P g E , if 12 P s P then either P s 1:0 , P , 1:2 ,i i 3
.  . .  . .  .  . .P , 1:0 , P or 1:2 , P . Thus X s F j 1:y 1:0 , 1:2 , P ,3 4 4 12. 34 3
 . .41:2 , P .4
 .  . .  .By Lemma 5.1, for P s x : x : x g X R D E , 123 P s x : x : x .1 2 3 i 3 1 2’ ’ . .  .If 123 P s P then P s 2:y 1 " y 3 :y 1 . y 3 . By Lemma 5.2,
 . .  . .  . .  . .for P s j :h , P g E , 123 P s j y h:j , P . If 123 P s P then4 4 4
’ ’ ’ . .  .P s 2:1 " y 3 , P . Thus X s 2:y 1 " y 3 :y 1 . y 3 ,4 123.’ . .42:1 " y 3 , P .4
 .The permutation 1234 has no fixed points on D E . By Lemma 5.1,i
 .  . .  .for P s x : x : x g X R D E , 1234 P s x : x y x : x y x . Thus1 2 3 i 3 3 1 3 2
’ ’ .  .4X s 1:1 " y 1 :" y 1 , 1:0:1 .1234.
 . .The permutation 12 34 has no fixed points on D E . By Lemma 5.1,i
 .  . . .  .for P s x : x : x g X R D E , 12 34 P s x y x : x y x : x . If1 2 3 i 3 2 3 1 3
 . . .  .12 34 P s P then x q x s x or P s 1:1:0 .1 2 3
 .  . .  . .Since, for s s 12345 , s s 1234 45 and 45 E s F by Lemma1 23
 .  .  .5.3, s E s F . Similarly one sees that s E s F , s E s F , and1 34 2 24 3 23
 .  .  .s E s E . Moreover one obtains that s F s F , s F s F ,4 1 34 14 14 12
 .  .  .  .s F s E , s F s F , s F s E , and s F s E . Thus for any12 4 24 13 13 3 23 2
 . 2 .line E on X, s E l E s B or s E l E s B. Therefore X ; D. Bys
 .  .  Lemma 5.1, for a point P s x : x : x g D, s P s x x : x x y1 2 3 1 2 2 1’ ’.  ..  .4x : x x y x . Hence X s 2:y 1 " 5 :3 . 5 .3 1 2 3 12345.
 . .It is clear that X s X l X . Since 345 F s E ,12.345. 12. 345. 12 4
 . .  . .  .345 E s F , and 345 E s E , X ; F R E j E . For a3 12 4 3 12.345. 34 3 4
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 .  .  . .  .point P s a:a:c g F R E j E , 345 P s a y c:a y c:a by34 3 4 ’ .4Lemma 5.1. Hence X s 2:2:1 " y 3 .12.345.
Since, for s , m g S , s X s X y1 , X has a curve component if and5 m sms s
only if s is of order 2 by Lemma 5.4. For an element s g S of order 2,5
 .let C be the irreducible curve component of X . For s s ij , we say Cs s s
 . .is an A curve. For s s ij kl , we say C is a 2 A curve.1 s 1
 4  4LEMMA 5.5. For a set i, j, k, l s 1, 2, 3, 4 , C s F . For a letter i i j. k l
with 1 F i F 4, C s E . i5. i
 .Proof. By Lemma 5.4, C s F . Therefore we have C s 23 F s12. 34 13. 34
 .  .  .F , C s 34 F s F , C s 12 F s F , C s 34 F s F , and24 14. 24 23 24. 23 13 23. 13 14
 .  .C s 23 F s F . By Lemma 5.3, we have C s 45 F s E , C34. 13 12 15. 23 1 25.
 .  .s 45 F s E , C s 45 F s E , and C s E .13 2 35. 12 3 45. 4
 4  4LEMMA 5.6. Let i, j, k s 1, 2, 3 .
 .1 The equation of C on X R D E is x q x s x . i j. k4. i i j k
 .  .2 The equation of C on X R D E is x q x x s x x . i j. k5. i i j k i j
 . 23 The equation of C on X R D E is x x s x . i j.45. i i j k
 . 24 The equation of C on X R D E is 2 x x s x x q x . i4. j5. i j k i j k
 .Proof. 1 By Lemma 5.4, the equation of C is x q x s x .12.34. 1 2 3
 .  .The others follow from C s 23 C and C s 12 C .13.24. 12.34. 14.23. 13.24.
 .  .  .2 follows from 1 and C s 45 C . i j. k5.  i j. k4.
 .  .  .  .3 follows from 2 and C s 34 C , C s 23 C ,12.45. 12.35. 13.45. 12.45.
 .and C s 12 C .23.45. 13.45.
 .  .  .4 follows from 3 and C s 34 C for i s 1, 2, C s i4.35.  i3.45. 14.25.
 .  .  .23 C , C s 12 C , C s 23 C , and C s14.35. 24.15. 14.25. 34.25. 24.35. 34.15.
 .12 C .34.25.
For an element s g S of order 2, put5
<G s m g S m C s C . 4 .s 5 s s
LEMMA 5.7. Let s be an element of S of order 2. Then G is the5 s
 4  4centralizer subgroup of s in S . In fact, for a set i, j, k, l, m s 1, 2, 3, 4, 5 .5
 :G s ij , kl , lm ( S = S .  .  . i j. 2 3
and
 :G s ij , ikjl ( Zr2Z h Zr4Z . .  .  .  . i j. k l .
 .Proof. Let C s be the centralizer subgroup of s in S . It is clear that5
 .  .   . < 4G > C s . If s s ij then the set m C m g S consists of 10 As s 5 1
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 .  .curves by Lemma 5.5 and aC s s 12. Therefore G s C s . If s ss
 . .   . < 4ij kl then the set m C m g S consists of 15 2 A curves by Lemmas 5 1
 .  .5.6 and aC s s 8. Therefore G s C s .s
The group G acts on C and induces the subgroup G of Aut C . It iss s s s
 :  .clear that G ( G r s . If s s 12 the action of G on C is generateds s s s
by
34 a:a:c s c y a:c y a:c .  .  .
and
45 a:a:c s c :c :a . .  .  .
 . .If s s 12 34 the action of G on C is generated bys s
12 a:b:a q b s b:a:a q b .  .  .
and
1324 a:b:a q b s b:y a:b y a . .  .  .
For a point P g X, put
<G s s g S s P s P . 4 .P 5
PROPOSITION 5.8. For a point P g X, G is nontri¨ ial if and only if thereP
 .is an element s g S such that s P g C j C .5 12. 12.34.
Proof. By Lemmas 5.4, 5.5, and 5.6, one sees that
X s C j C l C j C l C j C l C , .  .  .12. 12. 12.34. 34. 12.35. 35. 12.45. 45.
X ; C l C j C , .123. 12.45. 13.45. 45.
X ; C j C l C , .1234. 13.24. 13. 24.
X s C l C ,12345. 14.23. 15.24.
X s C j C l C .12.34. 12.34. 12. 34.
and
X ; C .12.345. 12.
If G 2 m / 1 then X 2 P. Since, for any s g S and for any A or 2 AP m 5 1 1
curve C , s X s X y1 and s C s C y1 , there is an element s g St m sms t sts 5
 .such that s P g C j C .12. 12.34.
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 .  . .For s s 12 or 12 34 and for a point P g C , puts
<G s t g G t P s P . . 4P s
 .  . .PROPOSITION 5.9. Let s s 12 or 12 34 . For a point P g C , G iss P
 :bigger than the group s if and only if G is nontri¨ ial or P is contained inP
some other cur¨ e C of the same type as C .t s
Proof. The if part is clear. If there is an element m g G such thatP
 .sm / ms then P s m P g mC / C .s s
 .:PROPOSITION 5.10. Let P be a point in C . If G / 12 then one of12. p
the following occurs.
y1 .  .  .1 The point P is in the orbit G 1:1:0 and G s s 12 ,12. P
 .:  .  .1324 s , where s g G and s P s 1:1:0 .12.
y1 .  .  .  .:2 The point P is in the orbit G 1:1:2 and G s s 12 , 34 s ,12. P
 .  .where s g G and s P s 1:1:2 .12.
’ .  .  .3 The point P is in the orbit G 2:2:1 q y 3 and G s 12 ,12. P
 .:345 .
Proof. If the point P is contained in another A curve C then1 t
 .  .  .  .  .t s 34 , 35 or 45 . We have the case 1 . The assertion for 1 is easily
verified. If the point P is away from any other A curve then G is1 P
 .:  .  .nontrivial and G > G ( 12 = G . We have cases 2 and 3 . The12. P P
 .  .assertions for 2 and 3 are easily verified.
PROPOSITION 5.11. Let P be a point in C away from any A cur¨ e.12.34. 1
 . .:If G / 12 34 then one of the following occurs.P
’ ’ .  .1 The point P is in the orbit G 2:y 1 q y 3 :1 q y 3 and12.34.
y1 . .  . .:  . G s s 12 34 , 12 45 s , where s g G and s P s 2:y 1P 12.34.’ ’ .q y 3 :1 q y 3 .
’ ’ .  .2 The point P is in the orbit G 2:1 q 5 :3 q 5 and G s12.34. P
y1 ’ . .  . .:  . s 12 34 , 13 45 s , where s g G and s P s 2:1 q 5 :312.34.’ .q 5 .
’ ’ .  .3 The point P is in the orbit G 1: y 1 :1 q y 1 and G s12.34. P
 .:1324 .
Proof. If the point P is contained in another 2 A curve C then either1 t
 . . y1  . . y1t s s 12 45 s or s 13 45 s for some s g G . We have cases12.34.
 .  .  .  .1 and 2 . In either case, G is trivial. The assertions for 1 and 2 areP
easily verified. If the point P is away from any other 2 A curve then G is1 P
 .  .nontrivial and G ; G . We have the case 3 . The assertion for 3 isP 12.34.
easily verified.
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For a QDPS S, we have determined the automorphism group Aut S by
Theorem 3.1 and Propositions 5.8 and 5.11. Let Y be the union of 2 A1’ ’ ’ . curves. For points Q s 2:y 1 q y 3 :1 q y 3 , Q s 2:1 q 5 :31 2
’ ’ ’.  .q 5 , and Q s 1: y 1 :1 q y 1 , put Z s S Q . Then Y and Z3 i 5 i i
satisfy the conditions of Theorem 1.1. In the sequel, we shall determine
the automorphism group Aut S for each point P g C .P 12.
 .  .  .:PROPOSITION 5.12. If P s 1:1:0 then Aut S s G s 12 , 1324 .P P
Proof. It is clear that there is a canonical inclusion G ¨ Aut S .P P
There are just two singular points on S and they are contained in the lineP
 .E s C P . Let f g Aut S . Since f preserves the set of singular points,5 P P
 .f E s E . Therefore f is in the image of the inclusion G ¨ Aut S .5 5 P P
Ä .For a point P s 1:1:c g C with c / 0, 1, `, let S ª X be the12. P
blowing up of X at P and let D be the proper transform of C . Denote12.
Äby G the set of irreducible curves on S with negative self-intersection.ÄS PP
Then
 4G s D , F , E , E , E , E , F , F , F , E , F , F , F ,ÄS 12 3 4 5 1 13 14 15 2 23 24 25P
where P s P. As in the case of QDPSs, we consider the automorphism5
Ägroup Aut G of the configuration of G . It is clear that Aut S s Aut SÄ ÄS S P PP P
; Aut G . Define the Cremona transformations m , m , and m of P2 byÄS 3 4 5P
m x : x : x s x x : x x :cx x , .  . .3 1 2 3 2 3 1 3 1 2
m x : x : x s x y cx x y x : x y x x y cx : .  .  .  .  . . 4 1 2 3 3 1 3 2 3 1 3 2
c x y x x y x , .  . .3 1 3 2
m x : x : x s x y x x y cx : x y cx x y x : .  .  .  .  . . 5 1 2 3 3 1 3 2 3 1 3 2
x y cx x y cx . .  . .3 1 3 2
 4LEMMA 5.13. The set id, m , m , m forms a subgroup of order 4 in3 4 5
Ä 2 .Aut S and isomorphic to Zr2Z .P
Proof. Left to the reader.
 4  4  4  4  .LEMMA 5.14. Let i, j s 1, 2 and k, l, m s 3, 4, 5 . Then m F sk 12
 .  .  .E , m E s E , m E s F , and m F s F .k k l m k i jk k i l im
Proof. Left to the reader.
Put
Ä  :J S s m , m , m .P 3 4 5
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and
<S F s f g Aut G f F s F . .  . 4Ä12 S 12 12P
Then
 :  :S F s 12 = 34 , 45 ( G .  .  .  .12 12.
and
ÄAut G s J S ? S F . . .ÄS P 12P
Ä .  .PROPOSITION 5.15. Aut G ( J S i S F .ÄS P 12P
Proof. By Lemma 5.14.
Ä .THEOREM 5.16. Let P s 1:1:c g C with c / 0, 1, `. Then Aut S (12. P
Ä Ä .  .  .: .J S i G ( J S i 12 = G .P P P P
 .:Proof. By Proposition 5.10, G ( 12 = G ; G . There is aP P 12.
Ä .  .canonical inclusion G ¨ S F . Let g g Aut S l S F . The action ofP 12 P 12
 4  4g induces permutations on the sets E , E and E , E , E . Let F:1 2 3 4 5
Ä 2 y1  ..S ª P be the contraction of E , . . . , E such that F g E s P forP 1 5 i i
y1 Ä  ..i s 1, 2, 3, 4. Then F g E s P since g is an automorphism of S . Let5 P
f be the element in S induced by g. Then f is in G and g is the image5 P
 .of f under the inclusion G ¨ S F .P 12
’ .  .  .For points R s 1:1:2 , R s 2:2:1 q y 3 , and R s 1:1:0 , put1 2 3
W s S R . Then W s satisfy the conditions of Theorem 1.1.i 5 i i
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